
Project Euler problem 254

Define f(n) as the sum of the factorials of the digits of n. For example,
f(342) = 3! + 4! + 2! = 32.
Define sf(n) as the sum of the digits of f(n). So sf(342) = 3 + 2 = 5.
Define g(i) to be the smallest positive integer n such that sf(n) = i. Though
sf(342) is 5, sf(25) is also 5, and it can be verified that g(5) is 25.
Define sg(i) as the sum of the digits of g(i). So sg(5) = 2 + 5 = 7.
Further, it can be verified that g(20) = 267 and

∑
sg(i) for 1 ≤ i ≤ 20 is

156.
What is

∑
sg(i) for 1 ≤ i ≤ 150?

Observations - 2009 Sept 7

g(i) is an inverse function to sf(n), that is, n is mapped to i by i = sf(n),
and i is mapped backed onto n by g(i) = n.
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Figure 1: Map of the problem

From the problem definition, it is easy to write code that will move in
the “forward” direction, given n, find f(n), given f(n), find sf(n). Let’s
see what it will take to work backward (hopefully constructing g(i) in the
process).

Given sf(n), we wish to find n (and the smallest n at that).
The mapping of sf(n) to f(n) is one to many. Given, say sf(n) = 7,

we can imagine f(n) = 124, or f(n) = 412, or f(n) = 40002001, etc. All
of these are possible, because from the problem definition, f(n) must be a
polynomial of the form

f(n) = p0 + p1 + p22! + p33! + p44! + p55! + p66! + p77! + p88! + p99!

where pm is the number of digits of value m in the integer n. E.g. for
n = 1331, then p1 = 2, p3 = 2 and all other values are zero.
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